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We consider the two-dimensional model of W-Vgravity within Lagrangian quantization methods 
for general gauge theories. We use the Batalin-Vilkovisky formalism to study the arbitrariness in 
the realization of the gauge algebra. We obtain a one-parametric non-analytic extension of the gauge 
algebra, and a corresponding solution of the classical master equation, related via an anticanonical 
transformation to a solution corresponding to an analytic realization. We investigate the possibility 
of closed solutions of the classical master equation in the Sp(2)-covariant formalism and show that 
such solutions do not exist in the approximation up to the third order in ghost and auxiliary fields. 
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1. Introduction 

The two-dimensional model of W3-gravity proposed in is an example of an irreducible gauge theory 
O i| with an open algebra of gauge transformations. The covariant quantization of this model in the Batalin- 

Vilkovisky (BV) formalism |2] was considered in ^ O II]- I n particular, in 0^] a closed solution of 
i-C ■ the classical master equation (CM E) was obtained. In [3] , the arbitrariness of solutions was discussed 

in terms of anticanonical transformations 5 , which effectively describe the arbitrariness in the gauge 
algebra. 

In this paper, we continue to investigate the aspects of Lagrangian quantization of the model 1 , 
namely, we extend the study of the gauge algebra, using solutions of CME in the BV formalism, and 
analyze the possibility of finding a closed solution of CME in the Sp(2)-covariant quantization [jj]. 

Our interest in the Lagrangian quantization of the model is due to its peculiarities at the classical level. 
On the one hand, the Hamiltonian structure of the model does not conform to the assumptions [7] that 
guarantee the applicability of some general statements established in the theory of constraint systems. 
On the other hand, the structure of extremals and gauge generators in the Lagrangian formulation leads 
to a freedom in the definition of the structure functions that admits representations with non-analytic 
structure functions. 

Since the model admits a closed solution of CME, this allows one to study the arbitrariness in the 
structure functions using anticanonical transformations of solutions. We obtain a realization of the gauge 
algebra depending on a free parameter and corresponding, for non- vanishing values of this parameter, to 
non-analytic realizations of the structure functions. The solution of CME constructed in ^ corresponds 
to an analytic representation of the gauge algebra. We obtain a closed solution of CME in the case of 
non-analytic structure functions. This solution is related to 4 via an anticanonical transformation and 
contains structure functions of the third level. We notice that the arbitrariness in the gauge algebra 
found in [3] is the unique arbitrariness, with the given set of generators, that preserves analyticity and 
ensures the absence of structure functions beyond the second level. 

The fact that W3-gravity has a closed solution 4 of CME in the BV formalism also explains our 
interest in the Sp(2)-covariant quantization of this model. Note that the solution 0] is based on a choice 
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of the gauge algebra where the openness is described by a single structure function, being also linear in 
the fields. The choice 0] provides the simplest realization of the gauge algebra in the analytic class [3], 
for which one could attempt to find a closed solution of CME in the Sp(2)-covariant formalism despite 
the considerably more complicated structure of the corresponding approximated solutions [B]- 

Using the general results for approximated solutions [H] in the Sp(2)-covariant formalism and the 
realization of the gauge algebra jjj, we show that a closed solution of CME for W3-gravity does not 
exist up to the third order in the ghost and auxiliary variables. The example of M^-gravity shows that 
for theories with an open algebra the existence of a closed solution of CME in the BV formalism up to 
the second order does not guarantee the existence of a closed solution of CME in the Sp(2)-covariant 
formalism up to the third order, in contrast to the case of irreducible theories with a closed algebra. 

The paper is organized as follows. In Sect. 2, we discuss the peculiarities of the model in the 
Lagrangian and Hamiltonian formulations. In Sect. 3, we solve the gauge algebra at the second level, 
present solutions of CME corresponding to different choices of the gauge algebra and discuss the results 
from the viewpoint of anticanonical transformations. In Sect. 4, we consider the model within the Sp(2)- 
covariant formalism. In the Appendix, we present the details of the Sp(2)-covariant calculations. 



2. Peculiarities of the Lagrangian and Hamiltonian formulations 
of the model 

The model of W3-gravity ^1 OH 0] is described by the classical action of the form 

S = jcd 2 x, £=i^-l^' 2 -I J B0'3. (1) 

Here, the bosonic fields (cf>, h, B) are defined on a two-dimensional space with coordinates x = (x + , x~), 
and the following notation is used: 

d 2 x = dx + dx~ . 



dx + ' dx~ 
The equations of motion read 

^ = (_0 + ty' + ity'2)' = O J 

5h 2 V ' SB 3^ v ; 

and obviously imply 

(j)' = 0. 

The action JQ| is invariant under gauge transformations of the form ^ 0] 

54> = <p'e + (f>' 2 X, 

Sh = e - he' + h'e + <j)' 2 (B'X - BX'), 

SB = B'e - 2Be' + A — hX' + 2h'X (3) 

with the bosonic parameters £ a = (e, A). Denoting A 1 = (4>,h,B), and SA 1 = R l a {A)^ a , we have the 
following identification of the gauge generators R % a : 

R h a = {8-hd + ti, ct)' 2 (B' -Bd)), 

= ( B ' - 2Bd -. d-hd + 2b!) . (4) 

The generators (R^,R^) do not vanish on shell, and therefore are non-trivial. The generator R^ 
vanishes on shell. However, it cannot be presented as an action of a local operator on the extremals. 
Thus, we encounter a non-typical case. As a consequence, the gauge algebra of the model may contain 
non-analytic structure functions. In the following section, we shall see that this is indeed the fact. 

It should be noted that the properties of the complete theory defined by the action So are essentially 

(21 

different from the properties of its quadratic approximation defined by the action Sq = So\ h=B=0 ■ In 
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particular, the quadratic theory is not a gauge one. The obvious reparametrization invariance of the 
latter model belongs to a wider class of symmetries, having the form 



H = Y t M'~ 1 + ~ks<i> s - 1 ), k s =k s (x+), k s = ~k s (x-). (5) 

3=1 

Particular cases of J5J, namely, s = 2 and k s — 0, have been discussed in The presence of restrictions 
k s = k s — on the parameters does not allow one to treat (J5J as gauge transformations. Another 
argument in favour of this interpretation can be found in the Hamiltonian formalism, which does not 
have first-class constraints, and thus non-trivial gauge invariance is absent. 

One may expect that the properties of the complete theory and its quadratic approximation should 
also be essentially different in the Hamiltonian formulation. Namely, the constraint structure of the 
complete theory and that of its quadratic approximation must be different. To analyze this problem in 
more detail, let us construct the Hamiltonian formulation of the theory under consideration. We select 
x~ to be the time variable. In this case, the corresponding Hessian matrix has a constant rank on shell. 
There are three primary constraints: 



dC _ 1 

86 ~ 2 C 



Ph = -r = 0=^ $ W = Ph = 0, 



dh 
dC 



Pb = ■r-r = ==>• $3 = Pb = 0. 
oB 
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The total Hamiltonian reads 



ff« = H + , H = J f^-W 2 + l -B6<^ daf 1 



The consistency conditions for the primary constraints imply the secondary constraint $^ 2 -* = <j)' = and 
define one of A's, namely, A^ = 0. No more secondary constraints appear, and A2, A3 remain undetermined. 
An equivalent complete set of constraints can be written as 

$P=p h , *i x) =p B , (6) 
$( 2 W. (7) 

Here, are first-class constraints, while (JJJl are second-class constraints. 

(2) 

One can easily see that in the Hamiltonian formulation of the quadratic theory with the action Sq 
there exists only one primary constraint = — <f>'/2 — 0, with = A^*- 1 ^. The constraint "I^ 1 ' is 
a second-class one 1 

= -s'( x + - x +). 

It is obvious that the constraints of the quadratic and complete theories have a different structure: 
the constraints of the complete theory are not the constraints of the quadratic theory with non-linear 
corrections to them. This peculiarity of the model Q does not conform to the assumptions 7 which 
guarantee the applicability of general statements established in the theory of constraint systems. This 
means that the Hamiltonian quantization of the given model may encounter difficulties. Note that the 
choice of the time variable as x + leads to a Hessian matrix whose rank is not constant in the vicinity of 
the zero point, being a natural point of consideration in the perturbation theory. 

It should be noted that the model with the action (|TJ and generators Q satisfies the conditions 
that guarantee the applicability of Lagrangian quantization 2 . Indeed, there exists a stationary point 
(0' = 0) in whose neighborhood the action and gauge generators are analytic. Besides, at the stationary 
point there hold the rank conditions 

rank \\S ^(A)\\ A=Ao = n-m, rank 1 1 R % a (A) \ \ A = Ao = m, (8) 

where A l denotes the stationary point; rank is understood with respect to the discrete indices i = 1, n, 
a = 1, ...,m; and So ij(A) is given by 

_ S»S (A) 

So ^ {A) = JMaT- 

1 Here and elsewhere, we use the notation S'(x) = dS(x). 
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Calculating the matrices \\So,ij (A)\\ a _ Aq an d ||-^a(A)|| a— ,4 * n * ne m °dcl 0, Q, we find 

/ -88 + 8(hd) \ 
ll%,«(A)|| A=Ao = U(x 1 -x 2 ) (9) 

V o oo/ 

and 

\\&(AM\ -( 9-hd + h' B'-2Bd \ , 
\\ u ^ a )\\a=a - { 8-hd + 2h' { ' 

where the rows and columns of © are labeled by (4>, h, B), while the rows and columns of l|10[l arc labeled 
by (e, A) and (<j),h,B), respectively. From JjJ) and (|10p. it follows that the conditions © and (|10|l are 
satisfied, with n = 3, m — 2. The fulfillment of the rank conditions |JS} implies that the set of gauge 
generators @ is complete and linearly independent 0. Thus, the model of W3 -gravity can be quantized 
using Lagrangian methods for theories with linearly independent (irreducible) generators. 



3. Extended gauge algebra of the model 

In this section, we shall consider the gauge algebra of the model with the action and the gauge gener- 
ators 0. The gauge generators determine the first level of the gauge algebra, given by the corresponding 
Noether identities So,i(A)R t a (A) — 0. At the second level, the gauge algebra coincides with the algebra 
of gauge generators with respect to their commutator, given by 

[SMA* = [R^(A)R^A) - R^(A)Ri(A)] 

where Si, 5 2 correspond to gauge transformations with parameters £f , £ 2 . Then, using the explicit form 
of gauge transformations and identifying £j = (ei, Ai), £ 2 — (e 2 , A2), we get 

[SukW = -0'e ( i, 2 ) - $ 2 [(eA) (1 , a) - (eA) (v) ] - 20' 3 A (1 , 2) , 
[S l7 S 2 ]h = -(8 -hd + h')e {h2) - <j> ,2 (B' - Bd) [(eA) (1 , 2) - (eA) (2)1) ] 

- <t>' 2 {8 - hd + 3ti + 24)' B 1 + 44>"B)X(i, 2 ) , 

[6 1 ,8 2 ]B = ~(B' - 2Bd)e {l . 2) - (8 - hd + 2h')[(e\) {ia) - (eA) (2)1) ] 

- (4>' 2 b' - A4>'4>"B - 24>' 2 Bd)\ (1 . 2h (11) 

where we have used the notation 

e (i,2) = ei£ 2 ~ e i £ 2, (eA)(i, 2 ) = £iA 2 - 2e' 1 A 2 , \i,2) — AiA 2 — A^. (12) 

To analyze the relations (|ll|l . we remind that in the bosonic case of a gauge theory with a complete 
set of generators the commutator of gauge generators has the general form [2] 

Ri d (A)Ri(A) - W 0d (A)Ri(A) = -R;(A)F^(A) - S JA)M^(A), (13) 

where F^(A) and M^ /3 (A) are structure functions, generally depending on the fields A 1 and possessing 
the antisymmetry properties 

KM) = ~ f pM M U A ) = -K'piA) = -Ml (A). 

The set of structure functions i 7 ^ and defines the gauge algebra at the second level. If M^(A) = 0, 
the gauge algebra is closed. If M^JA) ^ 0, it is open. 

Taking into account the general structure l|13|l of the algebra of generators and the explicit form 
of gauge generators in the model of WVgravity, one gets from (|11|) the following structure functions F^, 

^21^12- 

£(1,2) = ^iiei£2, (eA) (1:2 ) = F 2l ei\ 2l (eA)( 2 ,i) = -F? 2 e 2 Xi, (14) 

namely, 

F i = F S)e( V2 ) = 6 ( x - y*) s '( x - fO - 6 ( x - yi) s '( x - w). 

F21 = F Hy! My2) = S(x - y 2 )5'(x - yi ) - 26(x - yi )6'(x - y 2 ), 

F 2 2 = F^ )x(y2) = [S(x - yi )6'(x - y 2 ) 2S(x - y 2 )6'(x - Vl )} . (15) 
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Obviously, these structure functions do not depend on the fields. 

The structure functions related to the terms of the gauge algebra containing \i,2) are not so easy to 

determine, since, besides R l a , they also contain the structure functions M^g. By virtue of the relation 
Ijlll) for [o\, o~ 2 ]</>, it is natural to suggest the following Ansatz for the remainder: 

20' 3 A (1 , 2) = UtF} 2 + + + ^|a4 B ) AiA 2 . (16) 

According to ||2J) and (QJ, we can parameterize F 22 , F 22 , M 22 , M 22 as follows: 

F 2 1 2 AiA 2 = ai0' 2 A( lj2 ), -F 2 2 2 AiA 2 = a 2 </>'A( lj2 ), 
M 2 2 ' l A 1 A 2 = 2/3 1 0'A (li2) , M| 2 B A 1 A 2 = 3/3 2 A (1 , 2) , (17) 

where the constant parameters ct\, a 2 , (3 2 must satisfy the relation 

ai + a 2 - Pi - /3 2 = 2. (18) 

Returning with these results to the remainder of [Si,5 2 ]h and [Si,8 2 ]B, we shall seek the structure 
functions in the form 

0' 2 (d - hd + 3h' + 2<f>>B' + 4<£"B)A (1)2) = (lt^ 2 + R h 2 Fl 2 + 6 -^M% + ^M^j \ x \ 2 , 

{^B' - - 2^Bd)\ {ia) = (R?F} 2 + R B 2 Fl 2 + 6 -^M^ + ^MfA X 1 X 2 . (19) 

Within this Ansatz, the only structure coefficient left to determine is M 22 . Let us represent it by a 
certain operator M(A l ,d, d), as follows: 

M 22 \i\ 2 — MA(i >2 ) . 

Then, using the identification (0J and the condition (|18fl . we find the following relations, which explicitly 
realize the second-level gauge algebra of W3-gravity: 

ax = 1, a 2 = 0, fa + (3 2 = -1, <j>' 2 M = 6/? 2 — 1 

00 

Thus, the Ansatz l|16|) . I|19|l determines the algebra with accuracy up to a free parameter, (3 2 = (3. 
Together with l|15|l . we obtain the remaining non- vanishing structure functions of the second level: 

F 22 = <f>' 2 - 2/2)0"' (x - yi) - 8{x - yi)8'(x - y 2 )] , 
M$ 2 h = -2(1 + (3)4>'5{x - y) [S(y - y 2 )S'(y - Vl ) - S(y - yi )5'(y - y 2 )] , 
Mt 2 = 3/3d> - y) [S(y ~ y 2 )S / (y - yx) - S(y - yi )S'(y - y 2 )] , 

M 2 f = 6/30' " 2 ^o> - y) [S(y - y 2 )S'(y - Vl ) - S(y - yi )5'(y - y 2 )] . (20) 

If j3 ^ 0, then we have a realization of the algebra with a coefficient M 22 non-analytic at the stationary 
point of So. Under the requirement of analyticity (fi — 0) we obtain a realization of the gauge algebra of 
W3-gravity with the gauge generators R % a (@J and the following non- vanishing structure functions F^g, 

F n = S(x - y 2 )S'(x - y x ) - S(x - yi)8'(x - y 2 ), 
F\ 2 = 0' 2 [S(x - y 2 )5'{x - yi ) - 5(x - Vl )5'(x - y 2 )] , 

Fl = S(x - y 2 )5'(x - yx) - 25(x - yi )S'(x - y 2 ) (21) 

and 

M# = 2<j>'5{x - y)[S(y - Vl )8'{y - y 2 ) - S(y - y 2 )6'(y - Vl ). (22) 

This is the realization of the gauge algebra of WVgravity which was used in ^ to construct a solution 
of the classical master equation. The realization (|20|l provides a non-analytic extension of (|21|l . 
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We can see that the model of M^-gravity belongs to the class of irreducible gauge theories with an open 
algebra of gauge generators. 

To complete the definition of the gauge algebra, it is necessary to add also the set of structure functions 
at higher levels [2J- For irreducible theories, this set can be derived by using: (i) the Jacobi identity for 
the commutator of gauge transformations, (ii) the conditions of completeness and irreducibility, and (iii) 
the previous gauge relations, such as the Noether identities or relations l|18[l. In general, the gauge algebra 
consists of an infinite set of structure functions, which define an infinite number of structure relations. 

For the purpose of this paper, it is sufficient to know the structure of the gauge algebra up to the 
third level. Let us consider the Jacobi identity for the gauge transformations 

[Si, fcM' + cycl.perm.(l, 2, 3) = 0. 

Then, using differential consequences of the Noether identities So ! i(A)R l a (A) = 0, we obtain 

(R^Dl^ + S 0<k Z% 5 ) + cycl.perm.(l, 2, 3) = 0, (23) 

with the following abbreviations: 

Kps = faFps + Kp,i R s) + cycl. P erm.(a, 0, 6), 

Z% 5 = (M*F$ S + M§j4 - R k a , 3 M% + i&jMg) + cycl.perm.(a, (3, 6), 

where D^g S and Z^g S are antisymmetric in the indices (a, (3,6) and (i, k). 

By virtue of the completeness and linear independence of the generators R % a , the relation ill'-'il) is solved 

by0 

D ll3S = S 0,kQl/38' Z %8 + R \Ql/3S ~ R jQT/3S = S 0j M al3S' ( 24 ) 

where Q^gg and M^J S are structure functions, antisymmetric in the indices (a, (3,6) and (i,j,k). For 
irreducible theories, the functions Q^gg and M^ s define the structure of the gauge algebra at the third 
level. 

To analyze the structure functions of ^-gravity beyond the second level, it is convenient to apply the 
BV formalism .2;. Within this formalism, all structure relations can be collected into a solution of the 
classical master equation. This equation is formulated for the bosonic extended action S — S(<j>, 4>*). For 
irreducible theories, the action depends on the minimal set of classical and ghost fields (j) A — (A l ,C a ), 
e(C a ) = e(£ a ) + 1, and the corresponding antifields 4>* A = (A*,C*), e(<j)* A ) = e((j) A ) + 1, with the following 
distribution of the ghost number: 

gh(A l ) = 0, gh(C Q ) = l, gh(^) = -l-gh(^ A ). 

The classical master equation for the gauge algebra is defined by 

wwr ' (25) 

and is subject to the boundary condition 

S\^,*-o = Sq(A). 

A solution S = S(<fr, <jf) can be sought as a Taylor series in the ghost fields C a , 

S = S (A) + ^S„, S n ~(C) n , e(S n ) = 0, gh(5„) = 0, 

71=1 

with the following result (see, e.g., ^HDi considered in the bosonic case s(A l ) = e(£, a ) = 0, with accuracy 
up to the third order: 

S(c/>, c/>* ) = S (A) + A*R^C a \ (c;Fl p - l -A*A*M^ C?C a 

- \ (QA*Q 5 a ^ - l -A*A*AlM^\ C^C a + • • • , (26) 
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where Fj^, and Q^^i are the structure functions of the gauge algebra at the second l(T3|) 

and third 1(24(1 levels, respectively. In the case of WVgravity, we shall consider four solutions of CME, 
labeled by (a), (b), (c), (d). 

(a) A closed solution of the form (|26|) for W^-gravity can be constructed [3[ 0] using non-trivial 
structure functions F^g, (|21|) . and M^g, l|22|) . in the minimal sector of the classical fields A 1 = (</>, h, B) 
and the ghost fields C a — (c, I): 



S = S + S 1 + J d 2 x [c* (c'c + </>' 2 l'l) + I* (I'c + 2c'/) + 2cf>*h*4>'l'l\ , (27) 
where the initial classical action So is given by and the action Si is determined by the gauge generators 



as 



Sx= J d 2 x 4>* ((f) c + <j)' 2 l) +h*[c- he + h'c + (t>' 2 {B'l - Bl')} + B* (b'c - 2Bc + / - hi' + 2h'l 

It follows from l|27|l that all structure functions of higher levels are equal to zero if one uses the realization 
of the gauge algebra in the form QJ, lj*H)|l . (|2*T)> and (|2*2|) . 

(b) It is not difficult to construct an action l|2t)|) that corresponds to the case of the gauge algebra 
with non-analytic structure functions 120|) . To this end, we remind that any anticanonical transformation 
'5, of the field-antifield variables 4> A , <p* A , determined by 

~ A 5X(^4>*) 8X(<I>,F) 
5(f) A o(f> 

with the generating functional X — X(4>, <fi*), s(X) = 1, gh(X) — — 1, transforms solutions of CME 1251) 
into solutions. 

Making an anticanonical transformation of (|27|l with the generating functional 

X((f>,<l>*) = E((j),(j)*) + 6/3 J d 2 xct)*h*B*<j)'~ 2 l'l, 

where E(<fi, <jf) is the generating functional of the identical transformation, we obtain an action with the 
second- level structure functions (JTSJ, (|2~U|) . 



S([3)= S + Si + / d 2 x c*(c'c + (j)' 2 l'l) + l*{l'c + 2c'l) 



+ 6(3h*B*cl)'- 2 (0' - h'4>' - <j>"h - 4>' 2 B' - 2(f>'(t)"Bj I'l 

- (/)* (3/3B* - 2(1 + P)h*<j>' - \2(3h*B*4>' ~ 2 c) I'l] . (28) 

This action, which is also a closed solution of CME, coincides with the action (|27|) when f3 = 0. 

The realizations of the second-level gauge algebra with analytic l|21|) , l|22|) and non-analytic (|20|l struc- 
ture functions are equivalent in the sense of the anticanonical transformation relating the corresponding 
solutions 1)27(1 and 1(28(1 . At the same time, from 1(28(1 it follows that the case of the non-analytic realization 

of the gauge algebra leads to a more complicated gauge structure. Indeed, with non- vanishing Alf^ , 
one also obtains (non- analytic) structure functions at the third level (see ((24|) and 

(c) It should be noted that the discussed arbitrariness in the choice of the gauge structure functions 
F2pi Maf3 f° r Wa-gravity is by no means unique. Indeed, the condition of analyticity admits a freedom 
in the choice of the second-level structure functions. Namely, let us consider the action |3] 



S{a)= So + Si + / d 2 x |c* (c'c + (1 - a)4>' 2 l'l) + I* (I'c + 2c' I) 
+ 2ah* (h* - h*'h - 3B*B' - 2BB*'^j I'l + 2(1 + a)<j)*h*<p'l'l , (29) 
obtained from ((27(1 via anticanonical transformations with the generating functional 

X(cj>, 0*) = E(<f>, (j)*)-2a { d 2 x h*c*l'l, (30) 



7 



where a is a free parameter. The action (|29[) satisfies CME with the same boundary condition and gauge 
generators, but it corresponds to another set of gauge structure functions F ( 
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a/3' 

F u = s ( x ~ Va)S'(x - yi) - S(x - yi)S'{x - y 2 ), 

F} 2 = (1 - a)<f>' 2 [S(x - y 2 )S'(x - Vl ) - 6(x - yi )S'(x - y 2 )] , 

F% 1 = S(x - y 2 )S'(x - Vl ) - 2S(x - Vl )5'{x - y 2 ), (31) 

and non- vanishing matrices M^g, 

Mg = 2(1 + aW5{x - y) [S(y - yi )S'(y - y 2 ) - S(y - y 2 )S'(y - Vl )] , 

= 2a (B x -B y - (d x - d y )h) S(x - y) [6(y - y x )8'{y - y 2 ) - 6(y - y 2 )S'(y - Vl )] , 
A/ 2 f = -2a (W - 2Bd y ) S(x - y) [5{y - Vl )5' (y - y 2 ) - 5{y - y 2 )S'(y - Vl )\ , (32) 

depending on the fields <fi, h, B. The analytic choice of the second-level structure functions l|21|) . (|22|) is 
a particular case of (|3*T|l . (|32[l. corresponding to a = 0. 

Note that the extended analytic realization (|31|l . can be obtained from the Ansatz (|16|l and the 
parameterization (|17fl . with ct\ = 1 — a, /3i = —1 — a, «2 = fi 2 = 0. These values of the parameters are 

related to a modified Ansatz l|19|) . where M% 2 — 0, and a structure function M^ 1 is included. 

A remarkable property of the action (|29|l is its dependence on the ghost fields c, I. For any value of 
a, they enter the action only in the second order - in contrast to the action 128|) . which depends on the 
ghost fields in the third order if (3 / 0. 

(d) One can prove that the arbitrariness in analytic structure functions described in is unique in the 
sense that it preserves the form of the action, being of second order in the ghost fields. Indeed, to preserve 
a given set of gauge generators, the generating functional of the anticanonical transformations must be at 
least of second order in the antifields and ghost fields. It can be verified by straightforward calculations 
that any simple form of such anticanonical transformations, except (|3U|1 . leads to an action depending on 
the ghost fields in the third order. For example, let us consider an anticanonical transformation with the 
generating functional 



X((f>,<j>*) = E((l>,<p*)-3'Y I d 2 xB*c*l'l, 
which is similar to (|30J) . Then we obtain the action 



5( 7 ) = So + S 1 + j d 2 x ]c* (c'c + (1 - jcj)')(t>' 2 l'l) + l*[l'c + 2c'l) 

+ 3-fB* (2BB*' -(8-hd+ h')h*) I'l + </>* (2h* + 3jB*) <f>'l'l + 3-yB*c*c'l'l 

being of the third order in the ghost fields and containing the structure function Q 22 i j which means that 
the Jacobi identity (|zT3^l for the gauge generators closes only on shell. 

The above discussion shows that for W3-gravity there exists a class of "minimal" actions, terminating 
at 5*2 and related by anticanonical transformations (cases a and c) . Any other anticanonical transforma- 
tion produces higher ghost contributions, starting at S3 (case d), and leading also to non- analytic actions 
(case b). In what follows, we shall consider only analytic realizations of the gauge algebra. 



4. W3-gravity in the Sp(2)-covariant formalism 

Let us consider the model of W3-gravity in the framework of the Sp(2)-covariant extension of the 
BV quantization scheme. To this end, it is necessary to introduce the complete configuration space of 
fields 4> A , constructed from the classical fields, as well as from the ghosts and auxiliary fields of the BV 
formalism, combined into completely symmetric tensors under the group Sp(2). Thus, for irreducible 
theories the fields 4> A are given by 

4> A = (A\B a ,C aa ), a -1,2, (33) 

where the Sp(2)-doublets C aa stand for the ghost-antighost pairs (C"*,C a ), while the Sp(2)-scalars B a , 
e(B a ) — e(£ a ), stand for the Lagrange multipliers known as Nakanishi-Lautrup fields. The fields 4> A are 
associated with the corresponding sets of antifields cf>\ a and 4>a, 

e{(j>* Aa ) = e{<f> A ) + l, e$ A )=e(cp A ). 
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Thus, the antifields corresponding to (|33[) are given by 

4>*Aa = ( A *a- B *aai C aab) 1 4>A = (Ai,B a ,C aa ). 

The fields 4> A and antifields cj> Aa , <\>a are ascribed the so-called new ghost number, denoted by "ngh" and 
subject to the following conditions: 

ngh(^J = -1 - ngh(0 A ), ngh(0 A ) = -2 - ngh(^), 

where the new ghost number of the fields in the case l|33|) is given by the rule 

ngh(A*) = 0, ngh(C aa ) = 1, ngh(B Q ) = 2. 

The basic object of the Sp(2)-covariant formalism jjjj is a bosonic functional S — S(<f>,4>*,4>) subject 
to the classical master equation 

ss ss b ss 

°<t> 0(p Aa 5<p A 

with the boundary condition 

S|^.=o = S (A), 

where e ab is a constant antisymmetric second-rank tensor, with e ac e cb = S b and e 12 = 1. The existence of 
solutions of CME in the Sp(2)-covariant formalism has been proved for both irreducible and reducible 
gauge theories of general kind. These solutions are sought as series in ghost and auxiliary fields (C,B), 
under the requirement of the new ghost number conservation: 

S = S + Y, S ^ e(S n )=ngh(S n ) = 0, S n ~ (C) n ~ m (B) m , < m < n. (35) 

71=1 

For irreducible theories of general kind, an approximated solution of CME was found [Hj up to the 
third order in the powers of ghosts and auxiliary fields (C aa ,B a ). The approximation found in |5] is 
completely determined by the structure functions up to the third level. 

In the bosonic case e(A l ) = e(£ Q ) = 0, the solution found in [5] has the form 

S(c/>, F,4>) = S (A) + A\ a K a C aa + AiR a B a - e ab C* ab B a - \ci ab Fl C^C aa 



+ \At a A* b M%C^C™ + ^AiB^WpC&C™^ + \{2C ia - B^F^C™ + \A\ a A 3 M%B^ C aa 
+ i- {2C 6b - B* 6b ) (F s aa F° 01 + 2F^ i Rj f ) C^ b C aa e ac - ^AiA j R i a k Mj£ / B~ l C l3b C aa s ab 



- ( 2 <* M <£ + A K,k M $ ~ Ks^i ~ 2 K j ,k R y) C^ b C aa s ac + (36) 

where we have assumed the absence of higher structure functions, as in the case of W^-gravity with the 
one-parametric family of analytic realizations of F^q and M^g, given by l|31|) . I|32|) . 

Let us calculate the approximated expression (|36|l in the case of M^-gravity with the simplest analytic 
choice of the second-level structure functions \21\i , ll'L'l) , corresponding to the zero value of the arbitrary 
parameter in l|31|l . (|32|l . Denoting the ghosts and auxiliary fields in WVgravity by C aa = (c a ,l a ) and 
B a = (u, v), we shall write down the contributions Si, S2, S3 corresponding to (|36l) . 

In the first order: 



Sx = J d 2 x[^ a (0' c a + ,2 r) +h* a (v lC Q -0' 2 Vi(sr)) +B* a (v 2 r-2Vi(s c a )) 

+ 0(<f>'u + cf>' 2 v)+h(V 1 u-(i>' 2 S/ 1 (Bv)) +B (\7 2 v - 2Vi(Bu)) - s ab c* ab u - £ ab l* ab v . (37) 



In the second order: 
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S 2 = I d 2 x j - \c* ab [Vi{c b c a ) + ^Vi(l b l a )] - \l* ab [V2(c b l a ) + 2V,(l b c a ) 

+ Q< - e„) [vi(c°«) + ^vi^to] + Q< - r a ) [v 2 (c-«) + 2v i (/ q M ) 

- (t>* a h* b (t>'Vi{l b l a ) + {HI ~ $h* a )cf>'Vi(l a v) + ^Sab4>(c b + 2$l b ) (0'c a + 0' 2 Z Q )' 



20'(0' c a + </>' n a )Vi{Br) - f 2 Vi 



+ Vi [(V x c a - (j>' 2 Vx{Br)) c b ] 
-V 2 [(Vic a -0 ,2 Vi(^ a ))/ b ] 
In the third order: 



(v 2 r-2Vi( J Bc Q ))z b 
V 2 Z°-2Vi(.Bc ))c b 



(38) 



5 3 = 



d 2 
' 2 V! 



<h d " 5a ) Vl [( Vi(cCca) + ^ /2v i( JCJB )) c 1 

(v 2 (c c l a )+2Vi(Z c d a )) Z d ] + 40'(0'c c + 0' 2 r)'Vi(H d ) 

jU d Q«: - fa) {v 2 [(Vx^o + 0' 2 v 1 (/ c r)) z d ] 

(v 2 (c c H + 2Vi (2 c c Q )) c d ] } - hod [WVi(l c v)]' (c d + 2<p'l d ) 
Vi [(#'Vi(i c «)) c d ] -2/i^'[Vi(r«)]'Vi(BZ d ) 



v 2 
1 



1 L * 



Vi 



'vi(/ c w )) z d ] + - £cd 0: pL^'v^n )]' (c d + 2^ d ) 

>'Vi(H a )) c d ] - 20' [ft^Vi («")]' Vi(BZ d ) 



'Vi(rr)) Z d ] + -e cd 4> [h*J'V x (l c l a ))' (c d + 2cp'l d ) 



\tcdh 

\e cd BV 2 [(#0'Vi(J c /°)) Z d ] - - Kh) 



Vi [(0>'Vi(H Q ))c d ] -20' [^'Vi(H Q )]'Vi(i?Z d ) 



+ 2V i (Z c c a )) l d + 2(<j>'c c + <f>' 2 l c )'Vi(l a l d ) 
In JSZJl, |J5S||, we have used the following notation: 

Vj(xy) = iy - jjsf'y, VjX = x - v,-(«o, 



(39) 



(40) 



where j is a real number. 

The details of calculations are presented in Appendix A, using the example of S3. Contrary to the 
expectations motivated by the results of the BV formalism, the approximation given by l|37|) . I|38|) . I|39|) 
does not provide a closed solution of CME, which is shown in Appendix B. 

Therefore, a closed solution must contain higher contributions S n . To tackle this problem, one has to 
deal with the task of finding further approximations for the Sp(2)-covariant extended action of general 
irreducible theories with open algebras. This problem remains open. However, since the complexity 
of the approximations will gradually increase, it is not evident that a finite number of contributions 
will be sufficient to provide a solution in the given example of W3-gravity. Concerning the possibility 
of a closed solution with a finite number of contributions, there is evidence that such a solution may 
require contributions up to Se (see Appendix B). In this case, the task of solving CME seems to be 
extremely difficult. One could have hoped that the problem might be attacked with the help of some 
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transformations analogous to anticanonical ones. The role of such transformations in the Sp(2)-covariant 
scheme is played by operator transformations of the quantum action 6 . However, it should be noted that 
we have already started from the simplest realization of the gauge algebra, which in the BV formalism 
immediately provides a closed solution. 

As mentioned previously, the analyzed example of a gauge theory with an open algebra is relatively 
simple, and therefore in the case of more complicated theories with open algebras it is natural to expect 
more technical difficulties. Nevertheless, the possibility of sufficient conditions that ensure the existence 
of a closed solution of the Sp(2)-covariant CME for theories with open algebras is an interesting problem 
that deserves investigation. 

Concluding, note that in the limit B = l a = v = the functional Sq + Si + S2 + S3 coincides with 
the closed solution ^T] of CME for the model of W2-gravity J3| i whose classical action is given by in 
the limit B = 0, and whose gauge transformations are given by J3J) in the limit A = 0. 

Acknowledgments B.C gratefully acknowled ges the support of the German-Brazil scien- 
tific exchange programmes DAAD and FAPESP, as well as the hospitality of the Institute of Physics, 
University of Sao Paulo. D.M.G., P.M.L. and P.Yu.M. acknowledge the hospitality of NTZ at the Center 
of Advanced Study, Leipzig University. D.M.G. is grateful to the foundations FAPESP, CNPq and DAAD 
for support. The work of P.M.L. was supported by INTAS, grant 99-0590, as well as by the project of 
Deutsche Forschunsgemeinschaft (DFG), 436 RUS 113/669, and Russian Foundation for Basic Research 
(RFBR), 02-02-04002. The work of P.Yu.M. was supported by the Fundagao de Amparo a Pesquisa do 
Estado de Sao Paulo (FAPESP), grant 02/00423-4. 

Appendix A 

In this Appendix, we shall calculate the contribution S3, (|39|) . using a technique of reducing the cor- 
responding expression to gauge algebra operations. The same technique can be applied to the calculation 
of the previous contributions Si, S2, (|3"TI) . i|3*5|) . 

Let us consider the part of (|36|l . corresponding to S3, 

S3 = ^(2C Sb - B* 5b )(F^F^ + 2F^ t Rl r )C^C? b C aa e ac - ^A l A J Rl k M^B''C^C aa e ab 

- ^AIA&R^M* + ARi <k M* - M^F% - 2M%^R k 1 )C^C^C aa e ac . (A.l) 

To simplify the consideration of this functional, let us introduce a set of three constant Grassmann 
doublets /i a (fe), k = 1,2, 3, and a set of four bosonic parameters £? n y n = 0,1, 2, 3, by the rule 

£(*n) = (£(o)> f(o) = £(fc) = C^AMfc)- ( A - 2 ) 

With this notation, we have 2 

dp 9f dr 3y 3y 

S3 = £ab-Z, q F + Eac-Z, q q Ff, , (A.3) 

OfJ,b(2) O^a(l) OfJ-c(3) 0^b(2) Ofl a (l) 

where F and F a are given by 



2 

and 



F a — - — {2Csa - B* 5a ) ^0-^0^(1)^2)^(3) + 2 ^7^(1) ( F ap£{2) £(3) ) >« 
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1 

+ 



M, 



^5 F a/3^,{l)^2)^3) + 2R ^(l)( M a/3^(2)^(3)),k 



The above expressions can be rewritten in the compact form 

-Ai 5(S(2)A i )\ ! .. , 

2 1 V W >\5A->6A( ,i) 



F=\A l 5(5 m A% A ^. u (A.4) 



and 



1 



+ -A, 5(5 &) A% A ^, n - A^AM* + 2f (1) g» ), (A.5) 



2 The derivatives are applied in the following order: 



9^6(2) d ^a{l) S Mt,(2) \ df 1 - 
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where <5(„) stand for gauge variations with parameters the quantities £7 n «, £7^ m . ^ are defined by 

£(m,n) = ^a/3^(m)^(n)' f((m,Ti),i) = •^o/3^(m,n)^(J) ' (A-6) 

the variations <5 are understood as usual variations of the quantities S^A 1 with respect to A 1 , where 5 A 1 
in the resultant expression 5{8^ n )A t ) are replaced by SAl #*A| m „), having the form 

in accordance with the definition of £ V and C 3 r ^ n : 

£(m,n) = ^a/^fm) ^((m,n)fl = ^a^n)^)' ( A - 7 ) 

To calculate the quantities F and F a in the model of WVgravity, we remind that A 1 — (<fr,h,B), 
= (e, A), with the gauge transformations S A 1 — R l a £, a given by ©■ The (non- vanishing) quantities 

£(m n) ' £(m «) ' corresponding to subsequent gauge transformations with the parameters £^ and £^ , 

have the form 

£(m,n) = F0y£,J m )£(n) = ( £ (m,n)> ^(m,n))) £(m,n) = M l3^Jrn)^(n) = (£(L,n) » £(m,n))> (A-8) 

with 

£(m,n) = e (m)£(„) ~ e (m) e (n) + 0' 2 ( A (m) A(„) - A( m )A(„)), 

A( m , n ) = e (m)A( n) - 2e'( m )A(„) - A( m je( n ) + 2A( m) e' (n) , 

which follows from the parameterization 112(1. i|14fl . (|17|l of the second- level structure functions in the 
case «i = 1, q;2 = 0, P\ = — 1, /?2 = 0, corresponding to the choice of in the analytic form 

Using the above identifications, we are now able to calculate all the structures which enter the quan- 
tities F and F a : 

£f(m,n),Z)' £((m,n),0' %)£(m,n)> %)£(m,ra)' 

^fe^^)L^ M • ^«^)L^ (m , n) > '(M^Im-^w, ■ (A. 10) 

The structure £ft mjn w) is given by 

£(*(m,n),i) = ( e ((m, «),*)' A ((™, n),i))) (A- 11) 

where 



e((m,n),0 = e (m : n)£(() ~ e'( TO ,n) e (0 + </>' (A( m , n )A(;) - A' (m rl) A(;) ) = 
= [ £ (m) e ( n ) - e (m) e (n) + 2 ( A (m) X( n ) - A (m) A (n))] e (i) _ 
~ [ e (m) e (n) ~ e (m) e (n) + ^' ( A (m) A (n) ~ A (m) A (n))]' e (i) + 

+ ^' 2 ( e (m)A( n) - 2e'( m ->A(„) - A' (m) e(„) + 2A( rn )e'( n ))A(;) — 

- 0' 2 ( e (m)A( n) - 2e'( m )A(„) - A' (m) e(„) + 2A(„ l )e' (jl) )'A( ; ) , 
A(( m ,n),0 = £( m ,n)d\i) - 2e' (mrl) A (;) - A (m n) e (; ) + 2A (m , n) e' (;) = 

= [ £ (m) e ( n ) _ e (m) e (n) + 0' 2 ( A (m) A(„) - A' (m) A( n ) )] A' (() - 

- 2[ e (m)e'(„) - e'(m) e (n) + 0' (A( m )A(„) - A' (m) A(„))]'A(7)- 

- ( e (m)A( n ) - 2e (m) A (n) ~ A '(m) e (n) + 2A (m) e („))' e (i) + 

+ 2(e( m )A' (n) - 2e'( m )A(„) - A' (m) £(„) + 2A (m )e'(„- 1 )e' ( ; ) . 
To calculate ^{i)t? m n y we notice that 

fy)£(m,n) = (<fy) e (™,™)' ^(!)A(m,n)), 
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where / 

5(l)£(m,n) = 20' (0'e(i) + <j>' (A( m )A(„) ~ A( m )A(„)), 8(l)\m,n) = 0- 

Similarly, we determine the manifest form of C^ m „) ^ , 

pij _ ,p<j>h fh<fi \ 

?((m,n),0 — y^((m,n),l)' ^((m,n),l)^ 

^f(m,n),0 = ~^(l,n),l) = _2 ^'( e (m) A(„) - 2e' (m) A ( „) - A' (m) e ( „) + 2A (m) e' (rl) )A' (;) 
+ 2 ^'(e(m)A( n ) - 2e' (m) A ( „) - A' (m) e (rl) + 2A (m) e' ( „ ) )'A (i) , (A. 12) 

and the structure S { i)C { 3 m n) , 
which implies 

5 (l)£(m,n) = - 2 O' £ (0 + <i>' 2 \l))'(\m)X(n) - X \;m)\n))- (A.13) 

To calculate the quantities 

5{8 {l) A* ia A% A ^ mn) , 5(d {l) A^)\ SA ^, Aimnr 5{8 (l) A t A% A ^ SA{mn) , 

we notice that the field variations are given by 

& A \m,n) = Aj£(m,n) = ^(m,n) + ^(m,n) = (^(m,n) > ^fm.n) ' °) 
r* xi _ 4* t7» — J,*£<t>i _L.h*f hi — ih*P h< ^ rh*P^ h (\\ 

and therefore 

^(m,n) = (^(m,n),^(m,n))^(m,n)) = 2 <P' i\m) A( n ) - A' (m) A (n ))(ft, -0,0), 
<*a^(m,n) = ( 5 >(m,n),£>(m,n),<5a£(m,n)) = 2 0' (A( m ) A' (n) - A' (m) A( n) ) (/l*, -0*, 0) . (A.14) 

From this result, we can see that it is sufficient to consider the variation of the expressions 5^(A* a A l ), 
5(i)(AiA l ) only with respect to the fields and h, since the variation of B is equal to zero. We have 

8(8 (l) 4>) = (54>)' (e w +20'A (;) ), 

8{8 {l) h) = -(Sh)e' {l) + (6h)'e {l) + 20'(<50)'( J B'A (i) - B\{ 1} ), 

5(5 il) B) = -(5h)X{ l) +2(ShyX il) . (A.15) 

Replacing in the above expressions the variations SA l with SAl >, 5*Al and substituting their 
manifest form, we obtain 

H S (l) A ia A ')\ 5A ^SA (mtn) = 2 ^aN'(A(m)A' (n) - A' (m) A(„) )]' (e (I) + 20' A(i) ) 

+ 2 ^a{00'(A (m) A' (n) - A' (m) A ( „))e' (0 - [00'(A (m) A' (n) - A' (m) A (n) )]'e (0 
+ 20'N>'(A (m) A' (n) - A' (m) A (n) )]'(B'A (0 - BA' (I) )} 

+ 2B 2 {#'(A( m )A( n ) - A' (m) A ( „))A' (;) - 2[00'(A (m) A' (ll) - A' (m) A( n ))]'A(i)| . 
Similarly, we have 

S(S { i)AiA l )\ SA ^ s , A ^ = 24>[h* a <t>' {\ {m) \[ n) - A' (m) A ( „))]'(e (0 + 20'A (O ) 
+ 2h{(f>* a (f>' '(A( m )A' (n) - A' (m) A ( „))e' (;) - [0*0'(A (m ) A' (ri) - A' (m) A( n ))]'e (( ) 
+ ¥K/(A(m)A' w - A' (TO) A(„))]'(B'A (i ) - BA' (0 )| 

+ 2 -B |0a0'(A(m)A(„) - A( m) A(„))A' ( ( ) - 2[0*0'(A (m) A' (n) - A' (m) A (n) )A ( „))]'A (;) | 
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and 

S(S {l) A^)\ SA ^ m n) = 2^[H'{\ (m) X[ n) - A' (m) A (n) )]'(e w + 2^A (0 ) 
+ 2 ^{#'[A(m)A(„) - A / (m) A(„)]e' ( ; ) - [#'(A( TO )A' (n) - A' (m) A (n) )]'e (/ ) 
+ 20'H'(A (m) A' (n) - A' (m) A (n) )]'(S'A (0 - BA' (I) )} 

+ {#'(A (m )A' (n) - A' (m) A (n) )A' (;) - 2[00'(A (m) A' (n) - A' (m) A ( „))]'A(Q j . (A.16) 

Gathering together the contributions IjA.lOjl corresponding to F and F a , in (|A.4(I . I|A.5(I . w c can 
calcu late S3 by differentiating F and F a with respect to Grassmann parameters, according to (|A.2|I . 
(|A.3|) . Using the notation C aa = {c a ,l a ), B a = (u, v) and 1001, we obtain the expression (jSHJ- 

Appendix B 

In this Appendix, we shall prove that the contributions Si, S2, S3 are not sufficient to provide a 
closed solution to the classical master equation (|34|) of the Sp(2)-covariant formalism, where a solution 
is sought as an expansion l|35[) . To this end, note that for irreducible theories the contribution Si can be 
chosen in the form 

C A* H l r< aa _l_ A ??* R a c ab(~i* r>a 

&i — A ia K a u + A,u a n - e C aab n . 
Then the higher contributions S„+i for n > 1 can be determined by iterations: 

W a S n+1 =FZ +1 , (B.l) 

where W a is a doublet of differential operators, which in the case e(£ Q ) = has the form 

SA ia SC a ab ° B aa ° C ab Ha 

and the quantities F^ +1 are given by 

1 ™ 

F n+l = - 2(^W'^W)n+l) S [n] = S + ^ S k, 

fe=l 

with ( , )° 1 J being the (n + l)-th order of the extended antibracket in powers of C aa , B a , 

(F GY - SF SG - ( p(e(FW)(e(G)+l) 6G 6F 



' J Aa °V u( PAa 

having the obvious property 

(F, G) a = -(-l)(^^)+ 1 )( £ ( G )+ 1 )(G,F) a . 
Let us assume that the functional S[ 3 ] , given by 

S = op] = So + S\ + S2 + S3, 
is a close solution of CME. Then the quantities Ffi +1 for n > 3 must vanish identically: 

S n+ i = W Q S„ +1 = F° +1 = 0, n > 3. 
Considering all possible F% +1 , n > 3, we have 

F4 = — o^P]' ^[3]) 4 — — ^3)4 - ($2) $3)4 _ 2{S2,S 2 )'l, 

F 5 = -q^W'^W^ = "o^ 3 ]'^ 3 ]^ = ^( 5, 2,S , 3 )5 - -(S , 3 ,S , 3)5 , 

F 6 = - 2(%]'%])e = _ 2^ [3 ]' S '[ 3 1^ = ~2^ 3 ' 5 ' 3 ^' 

Note that = 0, n > 6. Thus, the quantity Fg has the simplest structure, which involves only the 

contribution S3. In what follows, we shall check if the condition (S3, Ss)g = is fulfilled in the model of 
W3-gravity, which is necessary for SWi to be a closed solution of CME. 
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Let us consider the expression (| A. 1|) for S3. Then (S3, 63)0, given by 

1 (G Q \a 3S 3 5S 3 



decomposes into the following orders in antifields: 

A(2C-B*), (A) 2 A*, (A) 3 . 



namely, 



where 



l {S3,S3)l = j^Dt-^D% + ^D[[. ir ^(.1)". 



£>? - A m (2C ud - B* vd ){F; x Fl + 2F^ k R k a )A2R^ n M^ + 4B^- 

D 2 « = ^^pi^M* + 4B? p>k M£ - M%Fl - 2M% tk R k „) tl (2R^ n M™+ 
+ iR% n M l £ - Mj%F^ - 2Mj^ n R^ c C^C aa C^C pp C Sd e bc e pq , 

Dl = A\Aj A m (R pi k ) ,j (2R l p n M™™ + 4f$ n M£ - MftF*, 
- 2M l ^ n R^)C^ c C f>b C aa C aq C PI 'B s e bc e pq . 

We can see that the quantity D3, given by the order (^4) 3 , has the simplest form. Therefore, in what 
follows we shall investigate the question whether D3 is equal to zero in the model of WVgravity. 

Before taking into account the manifest form of the gauge algebra of the given model, let us simplify 
the consideration by rewriting D 3 in the following manner: 

D a - e e — dr dr dr — D 

Pq 9^p(5) i9m<;(4) ^Ma(3) (9^6(2) <3£t c (l) 

where D is given by 

D = A J -[(*(5)>4 i ),*(^e(* > 0))],l[2(«(2)A , ),n(An^)) 

- 4(<5( 2) A m A m )^ l ^" 1 i 3) + Am£™l,3),2) + 25(l)(A m ^,2))] = 

Here, stand for gauge variations with parameters £? n y n = 0,1,. ..,5, defined by (|A.2fl . while the 
quantities n y C^ m „) n ar e given by (|A.6(1 . (| A. T|) . Using this notation, we can rewrite the quantity D 
in a compact form: 



D = Ai 



SA >8A (1:3t2 



where the variations 5 are understood as usual variations with respect to the fields A 1 . To obtain D, one 
has to perform two successive variations of the quantity (5(5) (AiA 1 ), replacing the corresponding variations 
SA 1 in the resulting expressions 8(6^ AiA 1 ) and 8(8(8^AiA 1 )) by the quantities 8A 1 ^ ^ and 8A 1 ^ 3 2 ^ 

8A\ m = A^ Qy SA\ h3t2) = 2(6 {2) A*)AMlt 3) ) 
~ 4(*(2)^ fe )4t 3) + M^ 3)i2) + 5W (1) (^^ >2) ). 

To calculate the quantity Z) explicitly, we remind that in the model of W3-gravity we have A 1 = 
(cf>, h,B), = (e, A). The gauge transformations 8 A 1 — R l a £, a are given by Q and the (non-vanishing) 

quantities n ^ , £J ^ , corresponding to subsequent gauge transformations with the parameters 

and j , have the form 
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The quantity 5 (5^ AiA 1 ) ~ A is given by l|A.16|) . Taking a variation of this expression, wc 

find 

S (S (S( 5 )AA l )\ SA ^ SA(i o) ) = 2<p(<ty)'(A (4) A' (0) - A' (4) A (0 ))] , (e (5) + 20'A (5) ) 

+ 2^[ft,(<50)'(A (4) A' (o) - A' (4) A(o))]'(50'A(5 ) + 2ft{0(<50)'(A( 4 )A' (o) - A' (4) A (0) )e' (5) 

- [0(50)'(A( 4) A' (O) - A' (4) A(o))]'e( 5 ) + 4(<50)'[/i0'(A( 4) A' (o) - A' (4) A( ))] / (-B'A( 5 ) - 8A' (5) ) 

+ 4<t>'[h(54,)'(\ {4) \{ 0) - X{ 4) X (Q) )}'(B'X {5) - BX{ 5) ) 

+ #'[^'(A (4) A' (0) - A' (4) A (0) )]'[(52?)'A (5) - (SB)X{ 5) ]} 

+ 25|^(<y^)'(A (4) A' (0) - A' (4) A (0) )A' (5) - 2[0(^)'(A (4) A' (O) - A' (4) A (0) )]'A (5) |. (B.2) 

Notice that the above expression does not contain any variations with respect to the field h. Therefore, 
in what follows it is sufficient to find only two components of the variation SA^ 3 2 ^ needed to calculate 
the quantity D, namely, ^(1,3,2) and 3,2V With this in mind, we observe that in order to construct 
SA 1 ^ 3 2 % we need to determine the following set of quantities: 

(S^^Aj^), (S i2) A k A k )Jll 3) , MH 13)ar 6 {1) (Mg 2) ), 

where i = (<j>,B), j,k = (<p,h,B), These quantities can be easily calculated using l|A.9|l . (|A.12fl . 
l(A~T3|l . We have 

-50(1,3,2) = 2(£ (2) 0), fc (^ 1 fe 3) ) - 4(5 (2) A k A k )j^ 3) + + 26 ^ A At^ 

= 4[H'(X (1) X[ 3) - A' (1) A (3) )]'(e (2 ) + 20'A( 2) ) - 80'(A ( i)A' (3) - A' (1) A( 3) ) 
x [he{ 2 ) + BX[ 2) + (he (2) + 2SA (2) )']' + 2^'(e (1) A' (3) - 2c / (1) A (3) - A' (1) e (3) + 2A (1) e' (3) )A' (2) 
- 2/K//(e (1) A' (3) - 2e' (1) A (3 ) - A' (1) e (3 ) + 2A( 1 )e / (3 )) / A( 2 ) + 4Ji(<j>' + 0' 2 A ( i))'(A( 3 ) A' (2) - A' (3) A( 2 )), 

5-8(1,3,2) = 2((5 ( 2)-B) ifc (Aj^ 13) ) = 4#'(A ( i)A' (3) - A' (1) A( 3) )A' (2) - 8[#'(A ( i)A' (3) - A' (1) A( 3 ))]'A( 2 ). 

Now, we are able to calculate the quantity D, obtained by substituting the above variations <5</>(i,3,2) 
and £-B(i,3.2) into i|B.2|) . With this in mind, to simplify the consideration, we will first analyze the general 
structure of D as regards its expansion in antifields. We can write symbolically 

D = (4>h + (hf + Smis^B + ChfSB\ SB ^ , 

which implies that the expression for D decomposes into the following orders in antifields: 

$hB, 0(h) 2 , 0(B) 2 , (h) 2 B, h 3 . 

From the manifest form of 50(i, 3 ,2), 5-B(i, 3 ,2) and 5 (6 (S^AiA 1 ) \ gA >gA J, one can observe that 



1 <4,0) 

the contribution 4>(B) 2 has the simplest form, which we shall denote by D^q?. This contribution is given 

by 

D 4>bi = D \h=Q 1 

and therefore to calculate Dzm it is sufficient to consider the limits 



We have 



5(5 (s {5) aa% a ^ sa ^) 

D$B* = S(S (5(6) Ai^)' 



h=0 



SA — >5A, 



(1,3,2) \- h=0 , 5-8(1,3,2) I S=0 ■ 



, h = 0, 

SA >SA n s ji 



with 



5 (5 (5(5)^^)|^_^ (4 Q) ) |_ =Q = -2(^)[0(A (4) A' (O) - A' (4) A (0) )(3SA' (5) + 2S'A (5) )r, 
5(f) = 50(1,3,2)1^0 = -80'(A(i)A( 3 ) - A' (1) A(3 ) )(3SA' (2) + 2£?'A (2) )', 
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where we have used integration by parts in the expression containing A^A 1 . Thus, we obtain 

D^ S 2 = 160'(A ( i)A' (3) - A' (1) A (3) )(3BA' (2) + 2B'A (2 ))'[0(A (4) A' (O) - A' (4) A (0) )(3BA' (5) + 2B'X {5) )}'. 

The contribution D^Q2 to D determines the corresponding order in antifields in the quantity -Df, 
which represents the order (A) 3 in Fg. Since D^qi is related to D by the limit h = 0, we have 

a , _ Or r d r d r d r 

d/ip (5 ) d^t g (4) d/i Q ( 3 ) d^ h ( 2 ) 0/i c (i) v 

with A(o) = v, A ( „) = l a fi a ( n ). 

Taking derivatives with respect to the Grassmann parameters, and using integration by parts in the 
resultant expression, we obtain 

£>3lft=o = ^HW[l\l a )' - (l b yi a ][3B(l c y + 2B'l c ]'}'[Pv' - (n'v}[3B(l q )' + 2B'l^}e bc e pq . 

One can show that -D^I^q does not vanish identically. Since this fact is not evident in the Sp(2)- 
covariant form, we shall write the dummy indices b, c, p, q manifestly in terms of the values 1,2, denoting 
I 1 = I, I 2 = I, and taking into account £12 = —1. Let us also fix the free index as a = 1. 

Using the cancellation of some terms containing squares of I, I, V , we can represent D\ as follows: 

D\\- h=0 = -16$ {(TV - Vl)[(j)'(3Bl' + 2B'l)']' + (Tl" - T"l)4>'{iBl' + 25'/)'} D 12 , 

where 

D 12 = (ll' + V l)(3Bv' - 2B'v) - 61' I'Bv. 

From this representation of -D-jl^g it is not yet evident if this quantity vanishes or not. 
To examine the structure of D\ | in more detail, let us represent D\ | in the form 

D\\- h ^ = -lQ4>{A + B), 

where 

A = (TV -l'l)[(/>'(Wl' + 2B'l)']'D 12 , 
B = (Tl" -T"l)(f)'(3Bl' + 2B'l)'D 12 . 

Note that D\ | vanishes if and only if A + B = because (f> is an arbitrary field. 

We can see that A = 0. Indeed, taking into account the manifest form of D 12 , we have 

A ~ (TV - T'l)(l V + VT) = (l Vf - (V T) 2 = 0. 

Let us consider the quantity B. Using the manifest form of D 12 and taking into account the cancel- 
lation of terms containing squares of I, I, V, I" , we obtain 

B = 4>'lV l"[(AvBB" - 10vB' 2 + l5v'BB')TV - (<ov& - 9v'B)BTT" - 6vB 2 T'T"}. 

This expression does not vanish identically, and therefore A + B ^ 0. 

Note that since (S3, £3)5 makes a non- vanishing contribution to the r.h.s. of the equation W a S§ = Fg 
in (|B.1|I the contribution ^6 may be non- vanishing. 
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